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The human erythrocyte membrane skeleton may be an ionic gel

I. Membrane mechanochemical properties
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Abstract. Biochemical and biophysical observations
indicate that the erythrocyte membrane skeleton is
composed of a swollen network of long, flexible and
1onizable macromolecules located at the cytoplasmic
surface of the fluid membrane lipid bilayer. We
have analyzed the mechanochemical properties of
the erythrocyte membrane assuming that the mem-
brane skeleton constitutes an ionic gel (swollen ionic
elastomer). Using recently established statistical
thermodynamic theory for such gels, our analysis
yields mathematical expressions for the mechano-
chemical properties of erythrocyte membranes that
incorporate membrane molecular parameters to an
extent not achieved previously. The erythrocyte
membrane elastic shear modulus and maximum
elastic extension ratio predicted by our membrane
model are in quantitative agreement with reported
values for these parameters. The gel theory predicts
further that the membrane skeleton modulus of area
compression, K., may be small as well as large
relative to the membrane elastic shear modulus, G,
depending on the environmental conditions. Our
analysis shows that the ratio between these two
parameters affects both the geometry and the stabil-
ity of the favoured cell shapes.

Key words: Erythrocyte, spectrin, protein gel, mem-
brane skeleton, membrane model

Introduction

The highly symmetric biconcave shape of the human
erythrocyte has led to continued interest in the
molecular mechanisms giving rise to this character-
istic and usual shape. Numerous studies suggest that
spectrin is involved in determining the mechanical
properties and stable shapes of human erythrocytes
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by forming a macromolecular network at the cyto-
plasmic surface of the lipid bilayer (Branton et al.
1981; Bennett 1982; Cohen 1983; Goodman and
Shiffer 1983; Gratzer 1983; Gratzer 1984). The
mechanical behaviour of the erythrocyte membrane
(Evans 1973; Waugh and Evans 1979; Evans and
Skalak 1979) and the salt, pH and temperature
dependent shape changes both in human erythro-
cytes and delipidated erythrocyte ghosts (Johnson
and Robinson 1976; Johnson etal. 1980) are all
manifestations of the erythrocyte membrane com-
position, organization and interactions both within
the membrane and between the membrane and the
environment. Currently, the two main hypotheses
put forward to account for the biconcave shape are
the uniform shell hypothesis (Canham 1970) and the
bilayer couple hypothesis (Sheetz and Singer 1974).
The former has subsequently been extended to in-
corporate both membrane shear resistance and
bending resistance (Deuling and Helfrich 1976;
Evans and Skalak 1979). The shear resistance in the
uniform shell hypothesis was attributed to the mem-
brane skeleton (Evans 1973). The bilayer couple
hypothesis is based on an assumed preferential per-
turbation of either the extra- or the intra-cellular
half of the membrane lipid bilayer by various shape
change inducing agents (Sheetz and Singer 1974).
Based on currently available information on the
physical properties of spectrin and the molecular
organization of the erythrocyte membrane we ad-
vance the hypothesis that the erythrocyte membrane
skeleton constitutes an ionic gel (swollen ionic
elastomer) in close proximity to the lipid bilayer. It
has recently been discovered that ionic gels exhibit
critical phenomena and phase transitions (Tanaka
et al. 1980) and that these and other mechanochemi-
cal properties of such ionic gels can be analyzed
using standard methods of statistical thermodynam-
ics (Flory 1953; Treloar 1975; Flory 1976, 1977,
Tanaka et al. 1980). Using this new information we



204

here develop and discuss mechanochemical proper-
ties. elastic free energy, cell shapes, and cell shape
stability of human erythrocytes in terms of a new
protein gel — lipid bilayer membrane model where
the membrane skeleton is assumed to constitute an
ionic gel.

Although our continuum mechanical analysis of
the erythrocyte membrane uses many of the same
concepts and leads to many of the same considera-
tions that have been used by others (Canham 1970,
Evans and Skalak 1979) our model for the first time
introduces the properties of ionic gels into the
analysis of red cell shape. By considering the mem-
brane skeleton to be an ionic gel, the membrane
skeleton mechanochemical properties are given a
coherent molecular and theoretical basis that is
firmly grounded on recent biochemical and ultra-
structural observations. From a purely continuum
mechanical point of view the main difference be-
tween the new concept and previous models is that
the modulus of area compression of the membrane
skeleton may be large as well as small relative to the
membrane skeleton elastic shear modulus and that,
because of this, the membrane skeleton area density
may be non-uniform. The erythrocyte membrane
elastic shear modulus and maximum elastic exten-
sion ratio predicted by the protein gel — lipid
bilayer membrane model are in quantitative agree-
ment with reported values for these parameters.
Numerical analyses of erythrocyte shapes, shape
stability and shape transformations by Stokke et al.
(1986) show that the new concept can account for all
the commonly observed erythrocyte shapes and
shape transformations.

The spectrin network

The two polypeptides (x and f) that make up the
spectrin dimer have molecular weights of about
240,000 and 220,000 Daltons (Steck 1974). Electron
microscopic studies of spectrin heterodimers have
revealed that these molecules consist of two 100 nm
long, flexible subunits interconnected at both ends
(Shotton etal. 1979). Spectrin heterodimers can
associate head-to-head to form 200 nm long spectrin
heterotetramers (Shotton et al. 1979). Both in vivo
and in vitro there is a slow association equilibrium
between spectrin heterodimers and heterotetramers
(Ungewickell and Gratzer 1978; Liu and Palek
1980). Light scattering, birefringence relaxation,
viscometric and electron paramagnetic resonance
(EPR) studies of isolated spectrin confirm that the
spectrin molecules are long and flexible (Ralston
1976, Elgsaeter 1978; Mikkelsen and Elgsaeter 1978,
1981; Lemaigre-Dubreuil etal. 1980; Stokke and

Elgsaeter 1981; Dunbar and Ralston 1981; Reich
etal. 1982; Lemaigre-Dubreuil and Cassoly 1983)
with a persistence length of about 20 nm (Mikkelsen
etal. 1984; Stokke etal. 1985a). This is consistent
with the reported amino acid sequence of the spec-
trin molecule which indicates that each o~ and g-
chain consists of 20 and 18 rather stiff, almost iden-
tical, regions connected by quite flexible joints
(Speicher and Marchesi 1984). The temperature
dependence of the intrinsic ‘viscosity of isolated
spectrin dimers indicates further that the lowest
internal energy of the spectrin dimers is associated
with the fully extended conformation and that spec-
trin dimers in solution are therefore essentially
“entropy springs” (Stokke et al. 1985a).

It is well established that the spectrin molecules
in vivo form a meshwork on the cytoplasmic side of
the erythrocyte membrane lipid bilayer (Nicolson
etal. 1971; Steck 1974). Tyler et al. (1980) and Liu
and Palek (1980) obtained evidence suggesting that
spectrin heterotetramers constitute the chains of this
spectrin network. Cohen etal. (1980) found that
actin oligomers may be an integral part of the net-
work junctions and that the maximum junction func-
tionality may be determined by the length of the
actin oligomers. The length of these oligomers may
be controlled by protein 4.9 which has been report-
ed to be an actin bundling protein (Siegel and
Branton 1985). This led to the notion that each gel
chain consists of one spectrin tetramer (Cohen
1983). Byers and Branton (1985) have succeeded
recently in direct electron microscopic visualization
of the proteins associated with the erythrocyte mem-
brane skeleton and their findings confirm many of
these earlier conclusions. However, because of the
association equilibrium between the « and £ spec-
trin subunits it is also possible that the two o and
two £ subunits of one such gel chain are part of
three or even four separate spectrin dimers (Fig. 1)
(Tyler et al. 1980; Morrow and Marchesi 1981). This
does change the apparent topology of the intact net-
work, but disruption of the network by weakening
the spectrin-actin binding under conditions that trap
the o—f subunit association will in the first case
give tetramers only, whereas the latter case also
yields higher order spectrin oligomers (Fig. 1). Such
higher order spectrin oligomers are observed fre-
quently in low ionic strength, low temperature ex-
tracts of erythrocyte membranes (Liu et al. 1984).

The number of spectrin dimers per erythrocyte is
about 240,000 (Steck 1974). If we assume that the
spectrin dimer has a length of 100 nm and a circular
cross section with the same diameter along the
entire length of the molecule, that the dimer molec-
ular weight is 460,000 daltons, that the spectrin
density is 1.37 g/cm® (Kam et al. 1977), and that the
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Fig. 1. Schematic illustration of spectrin oligomer formation
in a spectrin network where there is an association equilibrium
between the spectrin o and f subunits. The diagram shows
three junction points (circles) representing the multivalent
actin, band 4.1, band 4.9 complexes that cross-link the spectrin
tetramers (solid, dotted and dashed lines). On the left it is
assumed that the individual o and £ subunits in each hetero-
dimer are associated with the o« and § of only one other
heterodimer. Dissociation of the network by eliminating the
cross-linking junction points produces only tetramers. On the
right it is assumed that the individual « and f subunits in one
of the heterodimer associate with the o and g subunits of two
separate heterodimers. Dissociation of this network can then
yield higher order oligomers, such as the octamer shown

spectrin is packed as a monolayer, then all the
spectrin in one cell would cover an area of approxi-
mately 64 pm? This is about 45% of the total cell
surface area of about 140 pm? (Canham 1970). The
spectrin molecules are ionizable with isoelectric
point about pH 4.8 (Elgsaeter etal. 1976). Unless
the intramolecular thermal motion of the spectrin
molecules is suppressed when they are part of the
membrane skeleton, this structural information leads
to the conclusion that the erythrocyte membrane
skeleton most likely constitutes an ionic gel. EPR
measurements of spectrin in solution and spectrin
bound to the membrane show no evidence of immo-
bilization of the spectrin molecules as a result of the
binding of spectrin to the membrane (Lemaigre-
Dubreuil et al. 1980; Lemaigre-Dubreuil and Cas-
soly 1983). Recently, measurements of the elastic
properties of 3-dimensional macroscopic spectrin
networks have been reported (Schanus et al. 1985;
Stokke etal. 1985b). Although the reconstitution
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approach used in these studies are different, both
reports indicate that the elastic component of the
viscoelasticity of these spectrin containing networks
may be accounted for by simple elastomer theory.

The protein gel — lipid bilayer membrane model

The currently available biochemical and biophysical
evidence on the physical properties of spectrin in
solution and the molecular organization of the
erythrocyte membrane skeleton described above is
summarized in what we have chosen to refer to as
the protein gel — lipid bilayer membrane model. We
assume that the membrane consists of a fluid lipid
bilayer and an apposed protein membrane skeleton
that constitutes an ionic gel (swollen ionic elastomer)
(Figs. 2 and 3). The gel network is assumed to
depend in part on non-covalent bonds. The time
average equilibrium gel topology of the spectrin
network may depend on the environmental condi-
tions, but the time constant involved in such changes
(Ungewickell and Gratzer 1978) appears to be long
relative to the characteristic times of commonly
observed cell shape changes (Lange et al. 1982). We
assume that the two halves of the lipid bilayer and
the 1onic protein gel all are free to slide relative to
one another in the plane of the cell membrane. We
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Fig. 2. Schematic illustration of the protein gel — lipid bilayer
cell membrane model. The lipid molecules of the extracellular
(E) and protoplasmic (P) half of the membrane lipid bilayer
are in the fluid state. Each half of the lipid bilayer has
thickness . The membrane skeleton (MS) behaves like an
ionic gel (swollen ionic elastomer). The distance from the
middle of the membrane skeleton (MMS) to the lipid bilayer
cytoplasmic surface is a. Coordinate z is the distance from
MMS and is positive for points located on the cytoplasmic
side of MMS and negative if the point is located at the
opposite side of MMS. Integral membrane proteins (D) may
or may not be linked to the membrane skeleton. The two
halves of the membrane lipid bilayer and the membrane
skeleton are all free to slide relative to one another in the
plane of the cell membrane. The membrane skeleton may
change its density distribution as the cell shape is changed
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Fig. 3. Schematic illustration of a two-dimensional gel with
repeating topological patterns where the junction functionality
@ = 6 and the spatial and topological first neighbour junctions
are the same. The unit of a gel that extend between two
topological first neighbour junctions we refer to as a chain of
the gel. A single chain of a protein gel may correspond to one
polypeptide, to only a fraction of a polypeptide. or to several
polypeptides. The area fraction covered by the gel chains,
o =Ap/(I.1), where Ay, 1s the surface area of the macro-
molecules making up the gel, is always less than one

find that, depending on the environmental condi-
tions, the gel modulus of area compression, K, may
be large as well as small relative to the elastic shear
modulus, G. When the environmental conditions are
such that the gel modulus of area compression is
much larger than the gel elastic shear modulus, the
membrane skeleton will behave as an incompressible
two-dimensional solid as discussed by Skalak et al.
(1973), Evans (1973), Brailsford et al. (1976), Evans
and Skalak (1979), Evans and Buxbaum (1981) and
others. However, under other environmental condi-
tions, where K is of the same order of magnitude
or smaller than G one has to take into account the
possible effects of a compressible gel. We find that
for this situation the gel density distribution in the
plane of the membrane for a given cell shape gen-
erally no longer will be uniform.

The spectrin gel elastic shear modulus

A two-dimensional macromolecular gel is defined as
a swollen two-dimensional cross-linked network of
long, flexible macromolecules undergoing thermal
motions. The gel area fraction, ¢’, is defined as the
area accounted for by the macromolecules relative
to the total area spanned by the macromolecules.
For a gel, ¢’ is always less than one (Fig. 3). The
functionality of a junction, @, equals the number of
chains extending from a junction.

When there is no gel chain intra- or intermolec-
ular interactions and when the chains are unionized,
the elastic free energy of the gel is of purely entropic
origin and is referred to the “rubber elasticity” of

the gel. The change in elastic free energy of a two-
dimensional gel area element which in the reference
state is square-shaped with sides /. and in the de-
formed state rectangular with sides /., [, (Flory
1976):

AF, =Y N kT (/L) + (L,/1)? - 2)
— (2/®) N kTn (L, 1,/12) 1)

where N, is the number of chains in the two-dimen-
sional gel area element under consideration, & is the
Boltzmann constant, and T is the absolute tempera-
ture. The gel is assumed to have negligible boundary
effects, junctions subjected to affine displacement,
suppressed junction fluctuations, and gel chains fol-
lowing Gaussian statistics. In the reference state the
chain configuration is the same as for free chains.
If junctions of different functionality are present, but
with @ = 3 for all of them, then @ is the average
functionality. Equation (1) is valid independent of
the orientation of the x- and y-axes relative to the
details of the gel topology.

For a gel area clement which in the reference
state is a square with sides / the elastic shear
modulus G measured in a state where the gel area
element has surface area /2, equals (Treloar 1975;
Flory 1976):

G=kT (NI (2Y/{E . @

Note that Eq. (2) is valid for the gel topology illus-
trated in Fig. 3 as well as for randomly cross-linked
two-dimensional gels. It is also important to note
that Eq. (2) does not require that the gel chains are
truly random coil chains. The only requirement is
that the end-to-end distance has a Gaussian dis-
tribution (Flory 1976) which is found to be true for
most flexible and highly elongated macromolecules
(Cantor and Schimmel 1980).

Assuming that one spectrin heterotetramer con-
stitutes one gel chain and using the number of
spectrin heterotetramers per erythrocyte and the
erythrocyte surface area referred to above, yields
N /IE~ 780 pm™2 The ratio {/2)/{I*) is unknown,
but because of the slow kinetics of the association
equilibrium between the components of the spectrin
network this ratio may be expected to be close to
one. This yields G & 3 x 107* dyne/cm at room tem-
perature for the human erythrocyte spectrin net-
work. If each of the two subchains of the hetero-
tetramers undergoes independent thermal motions,
the predicted value of G equals 6 x 10~* dyne/cm.
The presence of higher order spectrin oligomers as
depicted in Fig. 1 does not alter this theoretically
predicted value. Since the membrane lipid bilayer is
assumed to be in the fluid state this also equals the
predicted value of the clastic shear modulus for the
whole erythrocyte membrane.



Several authors have measured the pressure re-
quired to aspirate a certain fraction of an erythro-
cyte into a microcapillary, and have from these data
calculated the membrane eclastic shear modulus.
Waugh and Evans (1979) reported G = (6.6 £ 1.2)
x 1073 dyne/cm at 25 °C and Chien et al. (1978) re-
ported G =4.3x 1073 dyne/cm. The agreement be-
tween the value of G predicted by the protein gel —
lipid bilayer membrane model and these experimen-
tal values is remarkable. Our experimental data
indicate that isolated spectrin free in solution or
cross-linked in vitro into macroscopic three-dimen-
sional networks behave essentially like entropy
springs (Stokke et al. 1985a,b). However, because
of the possible interactions between the spectrin in
the membrane skeleton and the lipid bilayer it is not
at all obvious that the spectrin molecules would
behave as entropy springs also when they are part of
the membrane skeleton. The agreement between the
experimental value of G and the value of G predict-
ed theoretically from gel theory strongly suggests
that spectrin molecules in situ also behave essential-
ly like entropy springs and that the membrane
skeleton therefore does constitute an ionic gel. Equa-
tion (2) yields

(T/G)0G/dT=1+TInN/6T—TomI}/T. (3)

The temperature dependence of the end-to-end dis-
tance of spectrin dimers estimated from intrinsic
viscosity (Stokke etal. 1985a) indicates that
ToIn{/?y/6T=— (1.2 0.6). Waugh and Evans
(1979) found that the membrane elastic shear
modulus decreased with increasing temperature.
Their experimental data yield (7/G)oG/0T =
— (3% 1) in the temperature range 5—35°C. If the
membrane skeleton behaves like a swollen elastomer
this implies that the number of effective network
strands, N., has to decrease with increasing tem-
perature. An estimate of T3dInN,./0T can be ob-
tained by assuming that the spectrin network con-
sists of tetramers in equilibrium with dimers and
each tetramer constitutes two gel chains. It can then
be shown that

TéInN./0T = ToInK/dT/) (1+16 K4[ST) . 4)

where K, is the spectrin dimer-tetramer association
constant and [S] is the tetramer concentration when
all the spectrin is present as tetramers. The numeri-
cal values of K, in the absence of other molecules, in
the temperature range 25—37°C, obtained by Un-
gewickell and Gratzer (1978) yield a value of
TOIn N /0T ranging from —1 to —3 when the effec-
tive gel thickness is assumed to be 20 nm. However,
it should be noted that Liu and Palek (1984) report-
ed that hemoglobin enhances the self-association of
spectrin dimers. The network junction integrity may
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also be temperature dependent. Enough experimen-
tal data on the thermoelastic properties of the
spectrin network to make a quantitative comparison
between the experimental data of Waugh and Evans
(1979) and the behaviour predicted by our mem-
brane model is therefore not yet available, but the
observed temperature dependence of the erythrocyte
elastic shear modulus is clearly not incompatible
with modern gel theory.

The spectrin gel maximum elastic extension ratio

The extension ratio of a squarc gel element with
edge lengths /, which is deformed to length /, in the
x-direction equals ¢ = [.//,. For gels with gel chains
consisting of a finite number, N;, of freely jointed
segments, the Gaussian chain statistics is not valid
when /. approaches the chain contour length and ¢
can only be increased up to a certain value, &pay,
without rupture of some of the gel linkages.

The effect of finite &y, is clearly illustrated by
calculating the force, f., needed in the x-direction to
maintain the isotropic deformation /., [, — I, /= [,
(Treloar 1975) using non-Gaussian chain statistics:

fo=(N/3) (kT/L) YN, LT (L /(LYN))
— 2NJ/®) (kT/L) (/1) . (5)

where
L(f) = coth(f)— 1/p = Langevin function (6)

and L' is the inverse Langevin function. When
N, — oo the chains follow Gaussian statistics. Fig-
ure 4 shows f, versus ¢ for some selected values of
N;. For non-Gaussian chains the maximum extension
ratio &max & N, /[/{l,—.) where [ is the length of each
identical segment making up a gel chain, {/,_.) is
the time average end-to-end distance of the gel
chains in the reference state and thus the time aver-
age distance between topological first neighbour
junctions. The contour length, /., of a gel chain
equals N,/. Since {l-.>xL|/N, this yields
Emax X Ns-

For chains which strictly follow Gaussian chain
statistics, N; and thus en.y is infinite (Fig. 4). For a
gel not in its reference state emay = /./{ly-ny where
{l,-ny is the time average distance between nearest
neighbour junctions. The calculated values of {/,_,),
emax» and N; for the erythrocyte membrane skeleton,
assuming that spectrin heterotetramers constitute
the gel chains, are shown in Table 1. If the topologi-
cal first neighbour junctions of the spectrin network
are not assumed to be the nearest neighbour junc-
tions, the expected value of &y,;, would be smaller
than the values given in Table 1 by at least a factor
of two.
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Fig. 4. The force due to the “rubber elasticity” for isotropic
expansion/compression of a two-dimensional gel versus ex-
tension ratio . Gaussian chain statistics (=———— ) (derived
from Eq.(1)) and non-Gaussian chain statistics (: )
(Eq. (5)) for various numbers, N, of freely jointed identical
segments per chain. Gel junction functionality & = 4. Note
that the maximum extension ratio equals /N, = ./{/,_,> and
that for Gaussian chain statistics N, = o0

Table 1. Calculated time average distance, {/,_,>, between
nearest neighbour spectrin tetramer network junctions assum-
ing that the spectrin network is topologically replicating,
contains 120,000 chains each of length /.= 200 nm and that
the total network surface area equals 140 pm2 All junctions
are assumed to have functionality &. ¢, is maximum
macroscopic extension ratio of the network, calculated using
émax = L./{l,_,>. Parameter N, is the approximate equivalent
number of 1dentical freely jointed segments per chain assum-
ing that the time average gel chain configuration of the non-
deformed network is the same as for the free chains. N, is
calculated using &,,, = JN,.

@ <[n—n>/nm amax NS

3 41 ~5 ~ 25
4 52 ~4 ~ 16
6 70 ~3 ~ 9

Evans and LaCelle (1975) found experimentally
that the maximum elastic extension ratio of erythro-
cyte membranes is 3—4. The calculated parameter
values given in Table 1 shows that the reported ex-
perimental value of en.x 18 compatible with a re-
plicating network of spectrin tetramers where the
topological first neighbour junctions are also the
nearest neighbour junctions and have an average
junction functionality of 4—6. This is also the func-
tionality observed most often by Byers and Branton
(1985). The observed value of &y, further suggests
that N; equals 10—15. This implies that for exten-
sion ratios less than 1.5—2.0, the mechanical proper-
ties of a spectrin gel may be well accounted for
using Gaussian chain statistics (Fig. 4).

The spectrin gel modulus of area compression

Thetensionneeded toexpand or compressisotropically
an ionic gel depends not only on the entropy of the
macromolecules constituting the network, but also
on the gel chain intra- and intermolecular inter-
actions and the degree of ionization of the gel
chains. As a first approximation, the osmotic surface
tension, /1, of an ionic two-dimensional protein gel
with negligible boundary effects is analogous to the
expression for the osmotic pressure of three-dimen-
sional gels (Flory 1953; Treloar 1975; Tanaka et al.
1980):

Hg=—(N4kT/V) (¢ +In(1—9) +(AF/2kT) ¢'?)
— 0(AF) /32 +v,kTg ¢'/ol., 7

where N, is the Avogadro number, ¥] is the equiva-
lent molar area of the gel solvent, 4F, is the chain-
chain affinity (a measure of the free energy decrease
associated with the formation of contact between
chain segments), g is the number of effective disso-
ciated hydrogen ions per chain, and v, is the number
of chains per unit area in the gel reference state.
@, is the area fraction covered by the gel chains in
the reference state and

oLy =PI ®)

The modulus of area compression of the two-
dimensional gel is:

Ko (1) =—1%0I5/01%. 9)

Equations (7) and (9) predict that K; may be nega-
tive for certain combinations of the molecular pa-
rameters, but thermodynamic analysis shows that
K must be greater than or equal to zero to corre-
spond to a stable equilibrium (ter Haar and Werge-
land 1966). Phase transitions and critical phenomena
are therefore inherent properties of ionic gels
(Tanaka et al. 1980).

To get a rough estimate of the values of 11 pre-
dicted by the protein gel lipid bilayer membrane
model, Fig. 5 shows ITg versus {[2)/{I*> using
several values of the chain-chain affinity and values
of other molecular parameters which may be
reasonable for the erythrocyte membrane skeleton.
Non-Gaussian chain statistics (Treloar 1975) were
used to incorporate finite extensibility of the gel
chains. The horizontal regions of IT; were obtained
using Egs. (1) and (7) and Maxwell’s rule (ter Haar
and Wergeland 1966). For these horizontal regions
of Il the two-dimensional gel is separated into one
dense phase present as patches distributed approxi-
mately uniformly within a less dense phase, or vice
versa. It is important to note that such phase separa-
tion cannot take place without concominant shear
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Fig.5. The osmotic surface tension, II;, of an ionic two-
dimensional macromolecular gel versus /2//?, calculated using
Eq. (7) and Maxwell’s rule. The molecular parameters were
chosen to correspond roughly to those of the human erythro-
cyte spectrin network: ¢/ =03, v.=1600um=>, N,=9,
g =200, ® =4 and ¥ = 0.5nm?2 The osmotic surface tension
1s shown for several values of 4F,/kT. The actual value of
AF, for a spectrin network is not known

deformation due to the topological restraints of the
gel. This means that when such gel phases coexist
there will be boundary effects and the gel free
energy will depend on the geometry of the phase
boundaries between the two phases. For this situa-
tion, K¢ will therefore be small, but not exactly zero.
Because the erythrocyte intramembrane particles are
partly bound to and partly trapped within the mem-
brane skeleton (for review see Branton et al. 1981)
such phase separation will be expected to lead to
reversible freeze-etch particle aggregation. The
existence of reversible freeze-etch particle aggrega-
tion in erythrocyte membranes is well established
(Pinto da Silva 1973; Elgsaeter and Branton 1974).

Because K 1s the derivative of 11, Fig. 5 indi-
cates that for some environmental conditions K¢ of
the erythrocyte membrane skeleton is small and
probably of approximately the same order of magni-
tude as G, whereas for other environmental condi-
tions Kg is 2 to 4 orders of magnitude larger than G.
These large values of Ks are approximately of the
same order of magnitude as the modulus of area
compression reported for the whole erythrocyte
membrane under one set of environmental condi-
tions studied by Waugh and Evans (1979). It is cur-
rently not known how much the human erythrocyte
membrane skeleton contributes to the modulus of
area compression of the whole erythrocyte mem-
brane.

Cell shape dependent changes in the free energy
of the two-dimensional membrane ionic gel

We assume that there exists a reference shape
(neutral shape). ¥,, for which the time average gel
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chain configuration is the same as for the free
chains, the gel density is uniform, and there is no gel
shear deformation. Because of the surface area limi-
tations imposed by the membrane lipid bilayer, it is
also useful to define another reference shape, ¥,,
obtained by linear scaling of ¥,. Also for the latter
cell shape the gel density is uniform and there is no
gel shear deformation, but the gel chains no longer
have the same time average configurations as the
free gel chains. We will later describe how this
reference shape is chosen.

When the cell shape, and hence the membrane
skeleton shape, is changed from ¥, to some arbi-
trarily deformed cell shape, ¥,, this generally results
in deformation of the gel. At the molecular level, the
spectrin network obviously does not constitute a
continuum. However, limiting ourselves to situa-
tions where the time average gel density does not
vary significantly within the time average distance
between gel nearest neighbour junctions, {/,-,», one
can still use the standard methods of classical con-
tinuum mechanics including the formalism of infini-
tesimal area elements to analyse the gel free energy.
An infinitesimal square gel area element with edge
lengths /, for skeletal shape ¥, and with edges
oriented parallel to the local principal axes of
deformation, will generally be deformed into a
rectangle with lengths /, and /, on ¥, It is con-
venient to consider this deformation as consisting of
two steps: the first being a pure isotropic expansion
Lyl — L, 1, and the second a pure shear deforma-
tion at constant gel surface area /,,/, — I/, /,. During
an isotropic area change, the change in the gel
elastic free energy per unit gel area of ¥, is given
by:

4

AF, =~ | I (1%) dI*/12. (10)
IH

Taylor expansion of 11 (/%) yields:
Hc(lz)ZHGM“KGM(F_/,%)/I,%“‘... (11)
where K¢, =K ([2) and g, = I(/2). Bquations
(10) and (11) yield

AF, =g, (1= L L/ + 1Ko, (1= L /12 + ... (12)
During shear deformation, /./; — I, /,, assuming
Gaussian chain statistics and using Egs. (1) and (2),

the change in gel elastic free energy per unit gel area
of ¥, equals

AF;=3N.kT(,—1)Y/(.1)*
=3G(I/l,—1,/1)*. (13)

The total change in elastic free energy associated
with deforming the membrane gel, 4F,q, is then
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given by

AF, = AF,+AF) d*r
el g{uf( ) (14)

X 3G (Q6) + Hou I (Q6.) + 5 Keu I3 (Q6.)

where

L (Qe) = | [ U= L/ dr (15)
QGu

L(Qe)= [ (=1 L/2) d*r =~ 446 (16)

LQe)=§ [ Q=L L/ d%r. (17)
Qe

The surface integration is done over the surface
plane Qg, of the membrane gel of ¥,; 44¢ is the
change in the membrane gel surface area when
lIlu - Sl’d-

Cell shape dependent changes in the free energy
of the membrane lipid bilayer

The change in membrane lipid bilayer elastic free
energy because of changes in lipid monolayer sur-
face areas resulting from cell shape change ¥, — ¥,
equals

Agpa Apa
AFipeom =~ | llzdA~ | IpdA, (18)
Agpu Apu

where A is the lipid surface area and 17 lipid surface
tension. Subscripts u and d refer to cell shapes ¥,
and ¥,. Subscripts E and P refer respectively to the
extracellular and protoplasmic half of the mem-
brane lipid bilayer.

Taylor expansion of I1g and I, yields

Hp(A)=Hg,— Kgu (A—Ag)/Ag (19)
and analogously for /7p(A4). Equations (18) and (19)
yield

AFipeom ® — g, AAg — 1 p, 44,

+ % K. (AA45)*/ A,

+ 5 Kpu (44p)/ Apy , (20)
where AA4g equals the difference between Ag; and
Ag,, and 44p equals the difference between Ap,; and
APuAs a first approximation we have adopted Can-

ham’s (1970) expression for the bending energy of
the two lipid monolayers:

Athben :%BEd J. j' ((1/R51 - 1/RE0)2
Qpq
+ (1/Rgz— 1/Rgo)?) dr
+1Bpy [ [ ((1/Rp1— 1/Rpy)?

Qpy

+ (1/Rpa— 1/Rpo)?) d?r, 21

where Bg, and Bp, are the membrane lipid mono-
layer bending elastic moduli. Rz, Reo, Rpi, Rpo
are the lipid monolayer principal radii of curvature.
Qg and Qp, are the surface of the lipid monolayers.
The subscripts E and P refer respectively to the
extracellular and protoplasmic half of the mem-
brane lipid bilayer. When each membrane mono-
layer is assumed to behave like a homogeneous
elastic material B = Ky h*>/6 where K, is the
modulus of area compression of the lipid monolayer
and b is the thickness of the lipid monolayer (Can-
ham 1970). Assuming »=2.5nm and using the
values of Ky reported by Papahadjopoulos (1968)
or deduced from the data of Lis etal. (1982), one
calculates values for Bz, and Bp, in the range 107'°
to 1072 dyne/cm. Evans (1983) reported that the
erythrocyte membrane bending elastic modulus is
approximately 1.8 x 107'2dyne/cm, in good agree-
ment with the estimates of the bending modulus of
lipid bilayers presented here. Note that Bgs and Bpy
are expected to depend strongly on lipid composi-
tion and environmental conditions (Papahadjopou-
los 1968; Lis et al. 1982).

The elastic free energy master equation
of the protein gel — lipid bilayer membrane model

The stable shape of a cell with no transcellular cyto-
skeleton is the shape which corresponds to the mini-
mum value of the cell membrane total elastic free
energy. Cell shapes which correspond to local
minima in membrane free energy are metastable. If
the energy barrier between metastable and stable is
high in comparison to the thermal energy the spon-
taneous transformation rate from metastable to the
stable cell shape may be very low.

The protein gel — lipid bilayer membrane model
yields the following expression for the change in free
energy for the cell shape change ¥, —» ¥,:

AFtot = AFgel + AFllpcom + AFlipben
~3G | [ (/L= L/ d%r

Gu

+1iKe, § § (=1 0/2)* d%F

— (HGuAAG+HEuAAE+HPuAAP)
+ %KEL, (AAE)Z/AEu +%Kpu (AAp)z/Apu
+3Bgq § [ (1/Rg = 1/Rpo)?

Q4
+ (I/REZ_ 1/RE0)2 dzl‘
+4Bps § § ((1/Rp)—1/Rpo)?

QPli

+ (1/Rpa— 1/Rpo)?) dr . 22)



Equation (22) is referred to as the elastic free energy
master equation of the protein gel — lipid bilayer
membrane model.

The magnitude of the error introduced in the
master equation by ignoring the higher order terms
in the Taylor expansion of Egs. (10) and (18)
depends on the non-linearity of gel osmotic tension
versus gel area, the non-linearity of surface tension
versus lipid area for each of the lipid bilayer halves,
and the magnitudes of 44g, 445, and AAp.

Note that when G <€ K; the gel density will
remain homogeneous when ¥, — ¥, and there will
be a neutral plane with constant surface area located
within the membrane and located the same distance
from the gel for the entire cell surface. This distance
will be determined by the geometric parameters a
and b and the moduli of area compression Kz, Kp
and Kg. For a pure lipid bilayer (Kg=0) this
neutral plane will be located within the lipid bilayer.
For the erythrocyte membrane G <€ Kz and G <€ Kp.
This means that also for G ~ K there will be a
plane of unchanged surface area within the lipid
bilayer when ¥, — ¥,. However, because of the
non-uniform gel density existing for such situations
the coordinate z (Fig. 2) of this plane will no longer
be the same over the entire cell surface.

At static equilibrium the sum of the tensions
Ig,, Hg,, and Ip, is very close to zero. Increased
negative value of I1g, therefore generally leads to
increased positive values of Iz, and I1p,. By
choosing the linear scaling factor between ¥, and ¥,
such that

Hey+ g, +p, =0, (23)

shape ¥, will be a metastable cell shape and the
area changes AAg, AAp and AAp resulting from
¥, — ¥, will for the reasons given above generally
be small relative to Ag. Note that Eq. (23) does not
assume that Il;, g, and ITp vary linearly with
AAg, AAg, and AAp, respectively. Conrad and Sin-
ger (1979 and 1981) presented evidence for non-zero
values of I1g, and I7p, in both erythrocyte and other
cell membranes.

For any membrane plane located a short distance,
-, from the gel plane, the change in surface area, 44,
resulting from ¥, — ¥, can be expressed as

AAx AAG+z 8(A4)/0s . (24)

Note that the derivative é(44)/dz depends only on
the geometry of ¥, and ¥,, and not on the gel de-
formation of ¥,;. Geometric considerations, and
using Egs. (23) and (24), the third term, 73, of the
master equation becomes

Iy=— (g, dAg+ H g, AAg+ I p, AAp) (25)
— (M pu (a4 b/2) + Mre (a+3b/2))6(AA)/0z |
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where the distances ¢ and b are defined in Fig. 2.
When HGu =0

T35=1Ip,bd(AA)/ 0z . (26)
When 77, # 0 term 73 may be rewritten as

7} = HGM (a+b (%+ (1 +HPLI/HEM)_1)) a(AA)/aZ

27
which is a particular useful expression when the
effect of changing /1, is studied for constant ratios
HEll/HPll .

The bilayer couple hypothesis (Sheetz and Sin-
ger 1974) is the limiting case of the protein gel —
lipid bilayer membrane model when G — 0, K; — 0.
The terms remaining are then the bilayer bending
energy and the trilayer couple term which is now
reduced to a bilayer couple term (Eq. (26)). In the
accompanying paper (Stokke et al. 1986) we show
that cell shapes with exocytotic protusions generally
have negative 0(A4A4)/0- whereas the opposite is the
case for cell shapes with invaginations. For example,
environmental conditions leading to a positive
tension in the extracellular lipid monolayer there-
fore favour crenated cell shapes (Eq. (26)). The
protein gel — lipid bilayer membrane model thus
provides a firm molecular and theoretical basis for
the concepts of the bilayer couple hypothesis. Even
though the bilayer couple hypothesis incorporates
an important mechanism for cell shape transforma-
tions. it will be shown that the bilayer couple hy-
pothesis alone is completely unable to predict the
observed stable shape within each erythrocyte shape
class (Stokke et al. 1986). All the terms of the master
equation generally have to be incorporated in the
analysis to predict the stable and metastable cell
shapes.

Membrane skeleton deformation for cell shape ¥,
and contribution to cell shape stability

Here we will limit our analysis to the situation
where both ¥, and ¥, have a global or local axis of
rotational symmetry and the poles of the lipid
bilayer and the membrane skeleton remain located
adjacent to one another during the cell shape change
¥, — ¥, (Fig. 6). When both ¥, and ¥, have an axis
of global rotational symmetry, a square gel area
element of ¥, with edges of lengths /, oriented
parallel to. respectively, the local longitudinal and
latitudinal line will deform into a rectangle on ¥,
with edge lengths /, and /,. These edges will also be
oriented parallel to the local longitudinal and lati-
tudinal lines respectively, which means that the
principal axes of the gel deformation point along the
longitudinal and latitudinal lines of ¥,. For each gel
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Fig. 6. Examples of cell shapes with global rotational sym-
metry. The axis of rotational symmetry passes through the
membrane of cell shape ¥, at poles P,y and P,;, and of cell
shape ¥, at poles Py and P, . s, and s, are the distances
along the gel from pole P, for ¥, and from pole P, for ¥,
respectively, to the latitudinal line in question. The latitudinal
line s} located a distance s, from P, for ¥, will generally not
be found at the same distance s} from Py for ¥,. The
distance to the axis of rotational symmetry (Q—Q) of a gel
latitudinal line located a distance s, from P,y for ¥, equals
r,(s,). When the latitudinal line is located a distance s, from
P, for ¥, the distance to Q—-Q equals 7,(s,). The pole-to-
pole distance along the gel surface for ¥, and ¥, equals P,
and P, respectively

latitudinal line of ¥, we assign a parameter value
s¥ being equal to the distance, s,, along the gel from
pole P,, to the latitudinal line in question (Fig. 6).
It is important to note that the parameter value 53 is
assigned to imagined physical lines along the gel,
and that for ¥« the gel line s} will generally no
longer be found at a distance s, = s, from pole Py,
that is s} =s? (s;) # s4. The pole-to-pole distance
along the gel surface of ¥, and ¥, we refer to as P,
and P, respectively. When the gel is evenly stretched/
compressed along the longitudinal lines, s7 (s))
= P,s;/P, (Fig.7). This we refer to as the “un-
relaxed” state of the gel, but note that this state will
generally not correspond to the minimum value of
AF,yq for given ¥, and ¥,;. When allowed to “relax”,
the gel will therefore spontaneously assume another
density distribution (Fig. 7) which we refer to as the
relaxed state of the gel. During gel relaxation the
gel topology is assumed to remain unchanged.

R =
/'/) g
»7
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. 7’
/S .
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/7
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= P
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7
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P e
'l ./‘/
-
0 R P

Sq

Fig. 7. Examples of gel latitudinal line s} versus the distance
s from gel pole Py to the gel latitudinal line s7. For ¥, the
function 57, (s,) of the unrelaxed and relaxed gel is the same
(——). Example of s (s,) for deformed cell shape, ¥,, with
unrelaxed (~~--) and relaxed (- —-— ) gel

Geometric considerations yield

L/l = (ra(sa) /7, (S% (Sa)) (28)
L/h, = (dsy (s))/dsa)™" (29)
where r;(sy) is the distance from the axis of rota-
tional symmetry to the latitudinal line located at a
distance s, along the surface from pole Py for ¥,
(Fig. 6). Equations (15), (17), (28) and (29) yield

Py

1 (Qc)=2m { [ra(sa)/ 7 (83 (52)) — (dsi (sa)/dsa) ™' I
1 (85 (82)) (dst (sa)/dsy) dsa 30
Py

13(Q¢,) =2 ﬂ{ [1— ra(sa)/ru (5% (s0))/(ds (sa)/ dsa))?

1y (S5 (5)) (dsy (sa)/ dsy) dsa. 3D

For known ¥, and ¥, and thus #,(s,), r4(Sa), Pu,
and P, integrals I; and I can be calculated when
st (s4) is specified. The gel density distribution for
given cell shapes ¥, and ¥, and the contribution,
AF,, to the membrane free energy due to the shear
deformation and non-uniform gel compression can
be determined by minimizing the calculated value
of AF, with respect to the function s3, (s4).

For cell shapes with local rotational symmetry a
certain fraction of the cell membrane maintains
rotational symmetry. The poles P,o and P, for each
local membrane fraction, we define as for cells with
global rotational symmetry. The boundary between
the cell surface region with local rotational sym-
metry and the rest of the cell surface will be a lati-
tudinal line of the region with local rotational sym-
metry. This boundary we refer to as pole line P,
and Py for, respectively, the local cell shapes ¥, and
¥,. Analogous to the situation with global axial
symmetry, we refer to the distance along the gel
surface from pole P,q to pole line P,; as the pole-to-



pole distance P,. P, is defined analogously. Assum-
g that the same part of the gel is located within
the region with local rotational symmetry for local
cell shapes ¥, and ¥, and that ¥, and ¥, have the
same surface area, the mathematical formulas
derived for cells with global rotational symmetry is
also valid for cells with local rotational symmetry.

In Appendix I it is shown that for constant G and
cell shapes with global or local rotational symmetry
the contribution from membrane skeleton shear de-
formation and non-uniform compression to the total
free energy will decrease as Ky, is reduced. As Kg,
is decreased, the favoured cell shape will therefore
be determined to an increasing extent by the other
terms in the free energy master equation. Since inte-
grals 1, and I; together always specify a unique
favoured cell shape when G #+ 0 and Kg, # 0 this
means that as Ks, 1s decreased there will at first
normally be a decrease in cell shape stability accom-
panied by a some change in favoured cell shape
until, finally, there may be a sharp shape trans-
formation to an often completely different favoured
cell shape. For example, the trilayer couple term
predicts formation of exocytic or endocytic buds for
large values of the gel osmotic tension, I1g,. A local
change in the membrane skeleton environment
leading to a local phase transition in the membrane
skeleton and thereby a locally very small value of
K, may thus be a mechanism capable of initiating
local exo- or endo-cytosis.

Human erythrocyte membrane skeleton shape ¥,

The stress-free shape of the membrane skeleton
shape, ¥,, plays a central role in the mathematical
theory of the protein gel — lipid bilayer membrane
model. The two main features of ¥, are that the gel
density is uniform and that there is no shear defor-
mation in the gel. However, these criteria alone
generally do not specify a unique shape ¥, for a
given gel. For example, if a spherical cell shape

Fig. 8. Examples of skeletal shapes (——) which all corre-
spond to zero gel shear deformation and zero non-local gel
compression, when ¥, (——-) 1s spherical
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satisfies these conditions, then all the other skeleton
shapes shown in Fig. 8 also correspond to uniform
gel density, no shear deformation and therefore the
integrals /; and /5 being equal to zero. Thus all of
the shapes in Fig. § would be equally favoured by
membrane skeleton shear deformation and non-uni-
form compression. It can further be shown that all
the shapes ¥, depicted in Fig. 8 predict the same
stable and metastable cell shapes and shape trans-
formation. However, in the mathematical analysis it
is normally most convenient to use the shape ¥,
with no sharp edges. The equal energy shapes of the
membrane skeleton (Fig. 8) provides an intuitive
basis for the observed biconcave and cup-shaped
cells as favoured cell shapes.

It is not known whether there exists a shape for
which the erythrocyte membrane skeleton satisfies
strictly the conditions of ¥,. But, because of the
slow association equilibrium between the com-
ponents of the spectrin network it is to be expected
that if a certain cell shape, ¥,, is maintained un-
changed for a long time (hours at 37°C) the mem-
brane skeleton will undergo stress relaxation and the
cell shape ¥, will eventually satisfy the criterions for
¥,. If the cell shape, ¥,, is continuously changing,
the unstrained gel shape, ¥,, will eventually equal
the time average of ¥;. Rapid random deformations
would lead to spherical ¥,.

Bull (1972) observed that the cavities and equa-
tor of biconcave erythrocytes can be relocated on the
cell surface. This was taken to suggest that the
mechanical properties of membranes are uniform
over the entire cell surface which is the basis for the
uniform shell hypothesis (Brailsford et al. 1976). For
a macromolecular gel with perfectly uniform gel
topology that makes up a closed surface, ¥, is
spherical.

Lange et al. (1982) found that isolated spectrin
shells often were disc-shaped. The presence of other
components such as a certain amount of lipid in
addition to spectrin in these shells complicates the
interpretation, but Lange etal’s observation sug-
gests that the preparation procedure used by these
authors yields erythrocyte membrane skeletons with
discoid rather than spherical ¥,.

Concluding remarks

The concept that the membrane skeleton constitutes
an ionic gel leads to predictions of the erythrocyte
membrane elastic shear modulus and maximum
elastic extension ratio which are close to the mea-
sured values. The recent discovery that ionic gels
exhibit critical phenomena and can undergo phase
transitions (Tanaka et al. 1980) introduces a theo-
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retical basis for expecting that the erythrocyte mem-
brane skeleton osmotic tension, 15, and the modu-
lus of area compression, Kg;, will be strongly depen-
dent on environmental conditions. Our analysis
shows that the magnitude of both II; and K; can
affect favoured cell shapes and cell shape stability.
It will therefore be important to measure 715 and K¢
under a variety of environmental conditions.

The application of the protein gel — lipid bilayer
membrane model may not be limited to the human
erythrocyte membrane. Recent findings (Ben-Ze’ev
etal. 1979; Tyler et al. 1980; Hartwig and Stossel
1981; Mescher et al. 1981; Luna et al. 1981; Bennett
etal. 1982; Schliwa 1982; Nelson and Lazarides
1983; Glenney and Glenney 1983) show that long,
flexible spectrin-like molecules are part of the mem-
brane skeleton of many cells. No molecule by mole-
cule information is required to derive the free
energy master equation (Eq. (22)). The expression is
valid for topologically replicating networks as well
as randomly linked ones. This means that the pre-
dicted mechanochemical properties and the expres-
sion we have derived for the elastic free energy are
valid also when the chain length and junction func-
tionality vary randomly over the membrane skele-
ton. Our membrane model may therefore be used to
predict important aspects of the mechanochemical
properties and the elastic free energy of many dif-
ferent cell membranes containing a membrane
skeleton.

Nucleated cells generally have a transcellular
cytoskeleton apart from a possible membrane skele-
ton. The shape of such cells is the result of an inter-
play between the free energy of the membrane
skeleton and the transcellular cytoskeleton. Although
cytoskeleton structure may be dominated by the
effects of dynamic events such as sliding and poly-
merization/depolymerization, considering the con-
tributions of ionic gels to the mechanochemical
properties of the membrane skeleton as well as the
cytoskeleton may increase our general insight into
the mechanisms of important aspects of cell shape
transformations and cell motility.
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Glossary

a distance from the middle of the gel to the lipid
bilayer protoplasmic surface (Fig. 2)

b thickness of each of the two cell membrane lipid
bilayer halves (Fig. 2)

d subscript denoting deformed cell shape ¥,

fx force needed in the x-direction to maintain the iso-

tropic deformation /,,/, — [.,[,= I,

I8}

2 T

v
<

number of effective dissociated hydrogen ions per
gel chain

the Boltzmann constant (1.38 x 10738 Nm/K)

contour length of gel chain

time average end-to-end distance of the gel chains
m the reference state and thus the time average
distance between topological first neighbour junc-
tions in this state

area of the gel element with edge length /, and /,
time average distance between nearest neighbour
junctions of the gel

edge length of a square-shaped gel area element of
¥, which contains N, gel chains. For ¥, this gel
area element is a square with edge length /,

segment length of chain molecule consisting of N,
identically freely jointed segments

edge length of a square-shaped gel area element of
cell shape ¥, which contains N, gel chains

edge lengths of a rectangular gel area element of
¥, which contains N, gel chains, and for which ¥,
is a square with edge length /,

subscript denoting reference cell shape ¥,

distance from axis of global rotational symmetry to
gel surface for cell shape ¥, and ¥,, respectively
(Fig. 6)

(i = u,d) distance from pole P;, measured along the
gel surface for cell shape ¥, (Fig. 6)

gel latitudinal line, which for ¥, is located a dis-
tance s, from pole P,

subscript denoting undeformed cell shape ¥,
z-coordinate, perpendicular to and measured from
the gel surface. Positive z-direction toward the
interior of the cell (Fig. 2)

(i=E,P, j=u,d) surface area of the midplane of
the lipid bilayer for the extracellular (i=E) and
protoplasmic ({ = P) half for cell shape ¥,

surface area of the macromolecules making up the
rectangular gel area element with edge lengths /,
bending elastic modulus, subscripts as for 4,
extracellular half of the cell membrane lipid bilayer
(Fig. 2)

subscript denoting extracellular half of the cell
membrane lipid bilayer

equilibrium elastic shear modulus

subscript denoting protein gel

(i=1,2and 3) integrals over the gel surface area
Q6. (Egs. (15) and (17))

spectrin dimer-tetramer association constant
(j=u,d) modulus of area compression of the
protein gel for ¥,

(i=E,P, j=u,d) modulus of area compression for
lipid monolayers. Subscripts as for 4, y

modulus of area compression for planar lipid mono-
layers

Langevin function (Eq. (6))

Avogadro’s number (6.024 x 102 mole™!)

number of gel chains in the square gel area element
with edge length /, for ¥,

number of freely jointed identical segments each of
length /; in one gel chain

protoplasmic half of the cell membrane lipid bilayer
(Fig. 2)

subscript denoting protoplasmic half of the cell
membrane lipid bilayer

(1 = u,d) pole-to-pole distance measured along the
surface for cell shape ¥,

(i=u,d, j=0.1) poles for cell shape ¥,

radius of the spherical gel



Ry, (i=E,P) radius of curvature of the unstrained

lipid monolayer

(i=1,2and j = E, P) principal radius of curvature

spectrin tetramer concentration when all spectrin is

present as tetramers

absolute temperature

third term of Eq. (22)

equivalent molar area of the gel solvent

& Emax gel extension ratio and maximum extension ratio

A number of chains per unit area for the gel reference
state

o, @ two-dimensional protein gel area fraction for re-
spectively an arbitrarily chosen state and the refer-
ence state

44, (i =E, P,G) change in midplane surface area when
Y, - ¥, for the membrane part indicated by the
subscripts

4F, change in membrane free energy due to gel shear
deformation and non-uniform gel compression when
¥, - ¥, (Eq. (A1)

AF, free energy decrease associated with the formation

of contact between protein gel chain segments

AFg change in total elastic free energy of the cell mem-
brane protein gel when ¥, — ¥,

AF,, AF, elastic free energy per unit gel area of ¥, for
respectively pure isotropic and pure shear deforma-
tion of the cell membrane protein gel area element
for which ¥, is a square with edge length /,

N>

ion e

AFyphen  change in free energy because of lipid bending
resulting from ¥, — ¥,
A Fjpeom  change in free energy because of lipid compression

resulting from ¥, — ¥,

AF, elastic free energy associated with the rubber
elasticity of the cell membrane protein gel assuming
Gaussian chain statistics

4 Flot equals AFgel +4 Fllpcom + AFIlpben

(i=E. PG, j=u,r) isotropic surface tension or

osmotic surface tension for cell shape ¥,

gel junction functionality

¥, deformed cell shape with the same gel surface as
7,
V. reference (neutral) cell shape, for which the time

average gel chain configuration is the same as for
the free chains, the gel density is uniform, and the
gel shear deformation is zero over the entire cell

surface
b cell shape of the stable cell
¥, cell shape obtained by linear scaling of ¥,

Qry.Qp, midplane surface of respectively the extracellular
and protoplasmic half of the lipid bilayer for ¥,
Qe protein gel surface for ¥,
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Appendix 1

The membrane skeleton contribution
to the shape stability of cell shapes
with rotational symmetry

For given ¥,, environmental conditions and possible
restraints on ¥, the stable cell shape, ¥, is the cell
shape ¥, associated with the lowest value of A4 Fyy.
The stability of cell shape ¥, is determined by the
increase in AF,, associated with changing the cell
shape from ¥, to another resembling cell shape ¥,.
The cell will give the overall impression of being
rigid if this increase is large, and soft if the increase
1s small. The contribution, 4F;, to the membrane
free energy due to the shear deformation and non-
uniform spectrin gel compression equals

AF[Z%Gll‘i‘%KGMI:;. (AI)

In the case of a phase separation situation in the
spectrin gel where K, ideally equals zero, Eq. (30)
yields that I, = 0 for any cell shape ¥, if

dst (s)/dsa=r, (s (s2))/7a(54) (A2)

for all 0 < s, < P,;. The boundary conditions for the
function s7 (s;) which yields I, = 0 are

st(s4=0)=0 (A3)
Su(Sa=Py) = Py. (A4)

To correspond to possible physical solutions #,(s,)
and r4(s;) must be continuous and for cell shapes
with global axial symmetry satisfy the conditions

F (=0 =r,(5,=P,)=rs(5,=0) = rs(s,= Py) = 0.
(A5)

It is very important to note that although Eq. (A2)
is a first-order differential equation in s7 (s,) the two
boundary conditions for s} (s;) given by Eqs. (A3)
and (A4) do not make the system overdetermined.
In fact, because of the restrictions on r, and r, given
by Eq. (A5), rendering dsi (s,)/ds; undetermined
both for s;= 0 and s; = P,, one condition in addition
to those given by Eqs. (A3) and (A4) has to be
provided in order to specify a unique solution
sy (sy) satisfying Egs. (A2), (A3) and (A4).

When r,(s,) = r,(s,) (that is, ¥, equals ¥,) the
function s} (s;) =s, will automatically satisfy Eq.
(A2) and the boundary conditions, and therefore
I, = 0. Since the integrand of I, always is positive,
this is the minimum value of I;. However, it is im-
portant to note that there will be a continuum of
other functions s} (s;) that satisfy Eq. (A2) and the
boundary conditions Eqs. (A3) and (A4) when r,(s,)
=r,(s,). These functions can for example be ob-
tained numerically using the following difference
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Fig. 9. Examples of functions s} (s;) which yield I; =0 for
spherical ¥, with radius Ry(r,(s,)=Rysin(zs,/P,)) and
(A) spherical ¥, with radius Ry(r,(s,)=r,(s,)) or (B} ¥, being
a flat disc with total surface area A=47nRE(r,(s;)=s, for
0<s;<Rg}2 and ry(s)=Ry2)2~s, for R,)2<s;<R,2}2).
The gel density distribution corresponding to s} (s,) which
yields 7;=0 for example (B) is also shown (~———-— ). The
numerical solutions were obtained using Eq. (A6), 55 o=0,
and s;;=ao P,/N, where « is a variable parameter and
N =100

form of Eq. (A2):

Sunt1 = Sun+ (ru (Sia)/Ta(n Pa/N)) (Pa/N) ,  (A6)
where

Sia=st(sq=nPy/N)y O0<n<N-1. (A7)

Parameter N is the number of equal intervals into
which P, has been divided. Figure 9A shows s} (s,)
when r,(s,) =ry(s,) = Rosin (ns,/P,), where Ry is
the radius of the spherical gel. Figure 9B shows
53 (ss) when r,(s;) corresponds to a flat disc with
surface area equal 47 R$ and r, (s,) = Rysin (ns,/P,).
Note that also when 7, (s,) # r4(s4) there will general-
ly be a continuum of functions s7 (s,) which satisfies
Eq. (A2) and the boundary conditions Eqs. (A3) and
(Ad), as long as r,(s,) and r,(s,) satisfy Eq. (AS).
This means (Eq. (Al)) that for Kg, = 0 a continuum
of cell shapes ¥, is energetically equally favourable
by a gel strictly following Gaussian chain statistics.
In addition there will for every favoured ¥, be a
continuum of different gel density distributions
characterized by s7 (s;) which all also are energeti-
cally equally favourable.
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Equation (31) yields I3 = 0 when
1 (s3) dsy = 1q(sq) dsa (A8)

for all 0 <s;< Py Since s¥(s,=0)=0, Eq. (A8)
yields

§ 1) dx=Jra(x) dx. (A9)
0 0

For given r,{s;) and ry(s;) there will therefore
always be one function s} (s;) given by Eq. (A9)
which yields I = 0. The function s7 (s,) which yields
I; =0 for ¥, being spherical and ¥, being a flat disc
is shown in Fig. 9B. This means (Eq. (Al)) that also
for G =0 a continuum of cell shapes ¥, is energeti-

cally equally favourable when the gel strictly follows
Gaussian chain statistics. However, since the same
function s7 (s,) generally does not yield both I, =0
and I;=0 (Fig. 9B), the free energy AF; will nor-
mally have minimum for one particular ¥; and
sy (s4) when neither G nor Kg, are equal to zero.

For local cell shape rotational symmetry
ds? (s4)/dsy is not undetermined for s, = P, and there
will therefore only be one function s (s;) and not a
continuum of functions which yields /; =0 as is the
case for global cell shape rotational symmetry. Ex-
cept for this difference, the stability features are the
same for cell shapes with local and global rotational
symmetry.



